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Abstract. The paper deals with the stability behavior of a noisy generalized Van der Pol oscil- 
lator on the basis of complex stochastic averaging technique. 
1. GENERALIZED VAN DER POL OSCILLATOR: STOCHASTIC DIFFERENTIAL EQUATION 
Let us consider the generalized Van der Pol oscillator defined by the following equation [1,2]. 
(1) 
where I and g denote the position and the velocity, respectively, of a particle of unit mass. 
Here cy, 7 and 6 are real parameters. The Van der Pol oscillator is recovered for 6 = 0. It 
can be shown that the oscillator (1) undergoes a supercritical Hopf bifurcation at (Y = 0 for 
7+36 > 0 [3]. It is also an important example which one would like to study from the point 
of view of nonequilibrium potentials [4]. 
We extend the oscillator (1) to the following noisy oscillator [2]: 
where the fluctuation t(t) is a Gaussian white noise given by 
K(f)) = 0 and (E(t1Mtz)) = v2w1 -t2). 
We write the stochastic differential equation (2) in the following form 
dxl = x2dt 
dx2 = m(xl, x2)dt + qdW(t) 
where xi = Z, 22 = g and W(t) is a unit Wiener process. 
The coefficient function m is given by 
m(xi, x2) = -xi + ((Y - 7xf - 6222)x2. 
Here we have assumed that 
76 < 0. 
(2) 
(3) 
(4) 
(5) 
(6) 
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2. COMPLEX STOCHASTIC AVERAGING 
We first convert the Markov vector (21, ~2) to another Markov vector (A, a), where the 
amplitude A(t) and the phase ‘P(t) are slowly varying functions of time (for instants which 
are sufficiently remote from the initial time) and 
zi(t) = A(t) cos (wt + a(t)) 
x2(t) = -A(t)w sin (wt + O(t)) 
(7) 
where w2 = -& > 0 ( since by our assumption 76 < 0). Ariaratnam and Tam [5] suggested 
an equivalent transformation: 
xi(t) = Z(t)eiwt + Z(t)eBiwl 
zs(t) = iw [Z(t)eiwt - z(t)e-“wl] 
(8) 
in which Z(t) is a complex random process and z(t) is the corresponding complex conjugate. 
The two transformations (7) and (8) are related by 
]Z12 = ;A’, ReZ = ;AcosQ, ImZ = tAsin@. (9) 
From equations (4) and (8) we obtain the following time averaged equations [6]: 
dZ = rnz dt + crz1 dW1 + 6~2 dW2 
d?? = ?iiz dt + Tizl dW1 + ?;iz2 dW2, 
(10) 
where WI, W2 are two independent unit Wiener processes, with 
and 
Therefore, 
mZ=--Z i {wZ+ -?-(m[x~ (Z,Z),x2(Z,Z)]e-'~~)~} 
Ia.z112+ luz212 = &("2 [Xl (zqJ:z(z,q),. 
since 7 + 36w2 = 0 and 
V2 36$ 
]a_& + ]C7& = - = -- 
4w2 47 ’ 
(11) 
(12) 
(13) 
(14) 
since w2 = -y/36 > 0. 
It can be shown that the differential equation for the second order moment E(]Z12) is 
given by (Bruckner and Lin [6]): 
$E (1Z12) = E (Zmz +%z) + E ([uzI~~ + 1~7221~). 
From (9) and (13) - (15), we have 
(15) 
Therefore, 
$E (A2) = CYE (A2) - y. (16) 
E (A2) = DOeat - z (eat - 1) (17) 
where 
Do = {E (A2)},=0. 
From (17) it is evident that the noisy oscillator (2) is stable for (Y < 0 and unstable for 
o > 0, i.e., (Y = 0 is a bifurcation point for 76 < 0. 
It is also noted that, 
lim E (A2) = DO - yt . 
LY+O 
(18) 
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CONCLUSION 
In this paper we have studied the stability behavior of a generalized Van der Pol oscillator 
under the influence of white noise. In the absence of noise, it can be shown that this oscillator 
undergoes a supercritical Hopf bifurcation at cr = 0 for y + 35 > 0 [3]. But here we have 
seen that CY = 0 is also a bifurcation point of this oscillator under the influence of white 
noise provided y6 < 0. The method is based on the complex stochastic averaging technique. 
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